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Abstract. In this paper we outline an approach to calculus over quasitriangular 
Hopf algebras. We construct braided differential operators and introduce a general 
notion of quantizations in monoidal categories . We discuss some applications to 
quantizations of differential operators. 



0. Introduction 

In this paper we study differential operators in the framework of monoidal cat- 
egories equipped with a braiding or symmetry. To be more concrete, we choose as 
an example the category of modules over quasitriangular Hopf algebra. 

We introduce (braided) differential operators in a purely algebraic manner. This 
gives us a possibility to develop calculus in an intrinsic way without enforcing any 
type of Leibniz rule. 

A general notion of quantization in monoidal categories, proposed in this paper, 
is a natural isomorphism of the tensor product bifunctor equipped with some nat- 
ural coherence conditions. The quantization "deforms" all natural algebraic and 
differential objects in the monoidal category. 

There are now a number of different approaches to the construction of a calculus: 
the universal construction for associative algebras [C] , [K] , [DV] , fermionic and colour 
calculus [JK],[BMO],[KK], the calculus for quadratic algebras [WZ],[M], covariant 
calculus on Hopf algebras [W], etc. Here we would like to illustrate the general 
scheme for differential calculus suggested in [L1],[L2] on the example of the monoidal 
category of modules over quasitriangular Hopf algebra. 

The paper is organized as follows. In section 1 we build up modules of (braided) 
differential operators in the category of modules over quasitriagular Hopf alge- 
bra. In section 2 we consider (braided) derivations as a special type of 1-st order 
(braided) differential operators. We show that these operators may be described by 
a braided Leibniz rule. We should note that for general braidings (not symmetries) 
the rule consists of four identities. 
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As usual wc introduce braided differential 1-forms Cl^{A) as a representative 
object for the functor of braided derivations in new category with morphisms gen- 
erated by braided differential operators of degree 0. 

Our construction of braided differential forms and the de Rham complex is based 
on the following two assumptions: 

(1) An algebra of braided differential forms should be a braided commutative 
algebra generated by the base algebra A and symmetric bimodule f2^(A),and 

(2) de Rham differential d should be a braided derivation of the algebra, such 
that (f = 0. 

To analyze the first condition we describe all braidings in the category of Z-graded 
objects over a given monoidal category and show that the second condition defines 
a special class of braidings which we call differential prolongations of the given one. 

It is an experimental fact that modules of braided derivations (in various defi- 
nitions) have no good Lie algebra structure. Wc remark that modules of braided 
differential forms may be considered as Lie coalgebras and condition (P = may 
be considered as the analogue of co- Jacobi identity. 

In section 3 we introduce a quantization of functors acting between monoidal 
categories. In our definition, a quantization is a natural isomorphism equipped 
with some natural coherence conditions and the functor considered together with 
a quantization is simply a monoidal functor [cf.McL, Ep]. 

We suggest two ways for calculation of quantizations. One of them reduces the 
calculation to nonlinear cohomologies. The other describes quantizations in terms 
of multiplicative Hochschild cohomologies of the Grothcndicck ring of the given 
monoidal category. These constructions are illustrated by some examples. Thus for 
the monoidal category of representations of torus the quantizers may be described 
in terms of invariant Poisson structures. Their construction given in 3.6. produces 
the Moyal quantizations [BFFLS,V]. In the same way we obtain series of quantizers 
for categories of representations of compact Lie groups. 

This paper was written during a visit to the Centre for Advanced Study at the 
Norwegian Academy of Science and Letters. I would like to thank Prof.A.Laudal for 
hospitality. It is also my pleasure to thank Profs. D.Gurevich, A.Laudal, A.Sletsj0e 
for valuable discussions. 

1. Braided differential operators over qucisitriangular Hopf algebras 

1.1. Let A; be a commutative ring with unit. We shall assume that all k- 
algebras under consideration have a unit, and that all algebra homomorphisms are 
unit-preserving. 

Let Hhea Hopf fc-algebra with a coproduct A : H — > H^H, counit s : H — > k 
and antipode S : H — > H. 

Denote by C = AdodH the category of left il-modules. Morphisms in this 
category are iJ-module homomorphisms. 

To convert C into a monoidal category, we define a bifunctor of tensor product 



(g):C xC 



C 



to be the usual tensor product of modules over k : X (x)Y = X (EiY. 

k 

We define an i/-module structure in the tensor product as follows: 




h 
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where x£X,yGY,h&H and A(/i) = J2h^{T-) ^^(2) Sweedler notations 

[S]. 

The bifunctor of internal homomorphisms X,Y i-^ Hom{X, Y) in the monoidal 
category is the adjoint bifunctor for the tensor product bifunctor. 
In our case Hom{X, Y) coincides with the module of fc-morphisms 
Homk{X, Y) equipped with the following i7-module structure : 

h{f){x)=Y,hl)-f{S{\2)){x)), 
h 

where h e H,x e X, f E Hom{X, Y). 

1.2. By the usual definition of algebras in monoidal categories algebras in the 
category C are if-module algebras, i.e. fc-algebras A which are: (1) iJ-modules, 
(2) multiplication maps A® A — > A, fi{a ® b) = a ■ b, are morphisms in C. 

The last condition means that 

h{a ■ b) = ^/i(i)(a) • ft.(2)(6), 

h 

and 

/i(l) = eW, 

for all a,b e A, h e H. 

A left A-module P in the category C is an H- and A- module 

lj}:A®P — >P, ij!-{a®p) = a-p, 

such that 

h{a-p) = ^(/i(i)(a)) • (/i(2)(p)) 

h 

for all a G A, p e P. 

In the same way one defines right >l-modules and A— A bimodules in the category 

C. 

1.3. Recall [JS] that a braiding in a monoidal category C is a natural isomorphism 

ax,Y -X^Y ^Y ®X, yX,YeOb{C), 

such that the following hexagon conditions hold: 

crx(S)Y,z = {o-x,z 8) idy) o (idx (X" o-y,z), 
(yx,Y®z = {idy fS) 'Jx,z) o {<7x,y O idz) ■ 

It is easy to show that any braiding in the category is given by the braiding 
element a G H (gi H, such that the above hexagon conditions 

(irfff® A)(ct) = (ct(8)1)-cti3, 

{A®idH)i<7) = (l(g)C7) -(713, 

and the condition that is a C-morphism 

a ■ T{{A{h)) = A{h) ■ a (2) 
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hold for all h e H. 
Here we denote by 

T:H(g,H — >H®H 

the natural twist T{a ® b) — b a. 

As usual, (Ji,3 denoted the element oi H ^ H ® H which is cr in the 1-st and 3-rd 
factors, i.e. ais = ^a' ®1® a" , li a = ^a' ® a" , or (T13 = {idR ^ T){a ® 1). 

The definition of the braiding by means of the braiding element is the following: 

(tx,y{x 18) y) = fT • (t/ ig) = ^ a'{y) 18) (t"{x), 
for all X G X,y e Y. 

Following Drinfeld [D] a Hopf algebra H equipped with a braiding element a is 
called a quasitriangular Hopf algebra. 

In a quasitriangular Hopf algebra one has the following relations on the braiding 
element cr: 

0'i20'i3cr23 = cr23cri3cri2, (Quantum Yang-Baxter equation) 

where cri2 = u 1, (723 — \ ® a, and 

(5 (g) id){a) = {id O S){cr) = a'^, {S ® S){a) = a, 
{e ig) id){a) = {id ig) e){a) = 1. 

A braiding a is called a symmetry [McL] if cti-^x o crx,y = idx,Y, or cr • T(cr) = 1 in 
terms of braiding elements. 

A quasitriangular Hopf algebra {H, a) is called a triangular Hopf algebra if a is 
a symmetry. 

Examples. 

(1) Let G be a finite multiplicative group and H = k{G) be a /e-algebra of 
functions on G with values in k. 

Define a coproduct, a counit an and antipode as usual: 

(A/)(x, y) = f{xy), e{f) = /(e), S{f){x) = f{x-'), 

where / G k{G), x,y £ G, e is a unit of G and we identify k{G) ^ k{G) with 
k{G X G). 

Let 9x^ X & Ghc a basis in fc(G) such that:^a;(a;) = 1, and 6x{y) = 0, if a; ^ y. 
In terms of this basis wc have: 

(1) 0x-9x = 9x, and 9x ■ 9y = 0, H x y, 

(2) Aex = EyeG^y^^v-'a,^ 

(3) e{9x) = 0,ifx=^e, and e{9e) = 1, 

(4) S{9x) = 9x-i. 

Property (1) shows that 6^ are projectors and therefore the category Modn co- 
incides with a category of G-graded modules, X = equipped with the 
following i?-action: 

^gi^Xh) =Xg. 
heG 
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Morphisms / : X — > Y in the category are G graded /c-morphisms: f{Xg) C Yg. 
Tensor product X ®Y in this category is the usual G-graded product: 

{X ® = ^ Xfc ® Yh-lg. 

heG 

Internal homomorphisms Hom{X,Y) coinside with modules fc-homomorphisms 
equipped with the grading: 

Hom{X,Y)g = {/ G Homk{X,Y)\f{Xh) C Ygh,yh G G}. 

A braiding element a G H ^ H can be written down as follows: 

cr= ^ a{a,b)9a(S)9b- (1) 

a,beG 

From the hexagon axioms we obtain the following conditions on the function a{a, b) : 

a{ab, c) = a{a, c) • a{b, c), (2) 

and 

a{a,bc) = a{a,b) ■ a{a,c), (3) 

for all a,b,c E G. 

But condition 1.3.(2) holds if and only if G is an Abelian group. 

Therefore, any braiding in the category of G-graded modules over an Abelian 
group G is given by the group bihomomorphism 

C7 : G X G — > U{k), 

where U{k) is the unit group of the ring k. 

The braiding is a symmetry if and only if the following multiplicative skew 
symmetry property holds: a{a,b)a{b,a) = 1. 

(2) Let G be a finite group and H = k[G] the group algebra, k[G] = (fc(G))*. 

Denote by Sg, g gG the dual basis of ^-functions: Sg{6g) = 1, and Sg{6h) = 0, 
iig^h. 

In terms of this basis a Hopf algebra structure has the following form: 

■ = ^gh, ^(^s) = ^s®^S) "5(^3) = <5g-i, e{Sg) = 1, dg = 1- 

The category Modn is a category Moda of left G -modules over k. 

A braiding element a & H ® H, a = J2a beG ^i^^ ^) ® ^b, in the case A: = C, 
may be considered as a C-morphism 

ct:C(G) — >C[G], 

where a{6a) = J2beG ^("' ^) ^b- 

There is the following description [L4] of braided elements. Let us fix two central 
subgroups H\,H2 C Z{G) and a group homomorphism (f) : H2 — > Hi , where H2 
is a dual group for H2. 
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Then any braiding in the category can be obtained from the following commu- 
tative diagram 

C(G) — ^ C[G] 

where n : C(G) — > C{Hi) is the restriction map, and (r2)* : C[i?2] — > C[G] is 
the adjoint of r2, and </> is given by the composition 

where is the Fourier transform. 

(3) The same description of the braiding elements holds for any compact Lie 
group G, [L4]. 

(4) Let G be a finite group. To introduce a braiding in the category of G- graded 
modules we need some additional structures. 

Consider for example G-graded modules X = X^ggc -^9 equipped with G-action, 
such that h{Xg) c Xgf^g-i. 

In this case our Hopf algebra H is a. smash product k{G)^k[G], i.e. a Hopf 
algebra generated by products 0g 5h with the following relations: 5h Og = Ough-^ ^h- 

Define a braiding in this category as follows: 

crx,Y{xg®yh) = g{yh)®Xg, (1) 

where X = Y,geG ^S' ^ = SfeeG and Xg G Xg, yu G i^. 
It is easy to check that cr is a braiding. 

One can deform the braiding by some function s : G x G — > U{k) : 

(^x,Y{xg (8) yh) = s{g, h) g{yh) Xg. (2) 
Then cr is a braiding in the category if the following conditions hold 

s{aga~^ , aha^^) = s{g, h), (3) 
s{f,hg)=s{f,h)s{f,g), (4) 

and 

s{fh,g) = s{f,hgh~'^)s{h,g), (5) 

for all o, /, gh e G. 

We say that a normalized function s, s{e,g) = s{g,e) = 1, is a colour on the 
group if conditions (3,4,5) hold. 

Note that as a rule braidings (1) and (2) are not symmetries. 
The braiding element a in this case has the following form: 

17= ^ s{g,h)5g6h'»0g. 

g,heG 



1.4. Let A be an algebra in the category and let X be A — A bimodule in the 
category. 
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Denote hy n : A (S) A — > A, ii{a ® b) = a ■ b, a, multiplication in the algebra 
and hy ijT : X A — > X, ii^{x (8> a) = xa the right multiplication and by 
/u' : A<S: X — > X, ij}{a ® x) = ax, the left multiplication in the bimodule. 

By using a braiding a we introduce new multiplications: 

Ha = lio(jA,A, 1^1 = h"" o aA,x, IJ.^ = IJ.'' oax,A, 

and denote the new multiplications by * : 

a * h = jiaid ® b) , a*x = ij}a{a®x), x * a = ^^^{x ® a), 

where a, 6 G ^, a; G X. 

In terms of the braiding element a we have 

a * 6 = ^cr'(6)cr"(a), a*x = ^^a'{x)a"{a), x*a = a'{a)a"{x). 

Proposition. 

(1) The pair [A, jjLu) determines an algebra structure in the category. 

(2) The triple {X, iJ^, fx^) determines {A,n„) — (A, fx^^) bimodule structure in 
the category. 

Proof. We show, for example, that /xj^ determines a left {A, ^o-)-structure and that 
the multiplications fi'^ and /uj,. commute. 
For the first one we have 

a* {b*x) = ^ a'{b * x) a" (a) = ^ a'f^-^-^a' (x) a(2)d"{b) a" [a) 

hexagon „ /.7„\/ \/„t„\ 

= jjL o [id (8> M)(o'230'i30'i2)(a; (8i o (g) a) 

and 

{a*b)*x = Y^ a'{x) a" {a * 6) = ^ (t'{x) <j'l^)d'{b) (T'(^)d"{a) 

hexagon ^ {cri2Cri3a23) {x 6 (g) a). 

Hence, the Yang-Baxter equation implies the left (A,/^^)- module structure. 
Comparing terms {a*x) *b and a* {x*b) we get 

{a*x)*b = Yl '^'(^) ^"(« *^)^Y1 ^'(^) <2)^"(a) 

hexagon / / ■ i ^ r\ / \/t^ ^\ 

= jJL o[ld®IJL ){<7i20i2,02z){b® X ® a), 

and 

a*{x*b) = ^a'{x*b) a" [a) = ^ <7[^)a'{b) a[^)a" {x) a" {a) 

hexagon / / . , r \ / / t \ \ 

= jJL o[ld®IJL )((T23Cri3Cri2(0 (g) X (g) a)). 

Therefore, (A, ji^) — (A, /Xo-) bimodule structure follows from Yang-Baxter equation 
too. □ 

An algebra A in the category C is called a a-commutative algebra if i^a- = A*, or 
equivalently, if 

a-b = a*b = ^a'{b) -a'^a), 
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for all a,b G A. 

An A — A bimodule X in the category C is called asymmetric if fi^ = jjJ' and 
jj}^ — fj,' , or in terms of braiding element a if 

X ■ a = X * a = cr'(a) ■ cr"{x), a ■ x = a * x = ^'(x) • a" (a), 

for all a e A, a; e X. 

Define a asymmetric part X^- of any A — A bimodule X in the category as 
follows: 

Xa- = {x€:X\a-x = a*x, X ■ a = X * a, VogA}. 

Theorem. Let A be a a - commutative algebra in the category C and let X be an 
A — A bimodule. Then X^- is a asymmetric A — A bimodule. 

Proof. It is enough to show that ax e X,^, and xa £ X, \i x & X„, a £ A. 

Let us prove, for example, the first inclusion. 
For any elements a,b G A,x & X^, one has 

b * {ax) = 6 * (a * a;) = (6 * a) * a; = (6a) *x= {ba)x = b{ax). 

Hence, ax G X„. □ 
Examples. 

(1) Let G be an Abelian group. Consider the category of G-graded modules 
with a braiding a is given by the group bihomomorphism a : G x G — > U (k) , (see 
ex.L3.(l)). 

An algebra in this category is a G graded algebra A = X^geG ^9' C Agfi. 

The algebra is a cr-commutative if and only if the following relations hold 

dg ah = a{g, h) ah ag, 

for ah ttg e Ag, ah € Ah- 

(2) One can reformulate the FRT-construction [FRT] of function algebras on 
quantum groups in the case of G-graded modules in the following way. 

Let X = J2g^G ^9 ^ G-graded module and X* = J2g£g ^g be the duahX* = 
(Xg-i)*. Consider a new module Y = X(>^X*. This module is generated by elements 
yg,h = Xg®yh, of degree gh~^ and the braiding takes the form: 

c^x,Y ■■ ya,b O Vcd '-^ a{ab~'^,cd~^) yc,d ^ ya,b- 

The (7-symmetric algebra generated by elements of yafi is a factor of the tensor 
algebra T{Y) by two-sided ideal generated by Im{a — 1). 

Note that this algebra is not trivial for any braiding a. 

(3) For the case of the category of G-graded G-modules (see ex. 1.3. (3)) an alge- 
bra in the category is a G-graded algebra A = J2geG equipped with G-action: 

g{Ah) C Aghg-i. 

The condition of cr-commutativity for the given colour s takes the form: 



ag-ah = s{g,h)g{ah) ■ ag. 
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(4) Consider the group algebra k[(jf\ equipped with a G action: 

as an algebra in the category of G-graded G-modules. 

The algebra will be (T-commutative with respest to braiding (1): 

Sg-Sh = g{6h) ■ Sg. 

(5) Crossed products. 

Let ui : G X G — > U{k) be a multiplicative G-invariant {oj{aga~^,aha~^) = 
ui{g, h), Va, g,h G G) 2-cocycle on the group. 

The crossed product k^^lG] coincides with k[G\ as a G-graded G- module but 
has a new multiplication: 

Sg*Sh = ui{g,h)Sgh. 

In this case the function 

s{g,h) =u){g,h) ■oj{h,gy^ 

determines a colour on the group, and ki^[G] is a a-commutative algebra. 

(6) Let G = Z", fc = C, and let 6 = ||%|| e Mai„(M) be a matrix such that 
6ij = 0, if i < j. Taking the twisting 2-cocycle w in the form 

= exp{Tn{Qx,y)), 

where x = {xi, ...,Xn),y = (yi,...,y„) G Z", and {x,y) = J^XiVi, we get a a- 
commutative algebra C^^ [Z"] , which is called a quantum torus. 

1.5. Here we apply the above procedure to modules of internal homomorphisms 

and left modules. 

Let P and Q be left A-modules. Then the module of internal homomorphisms 
Hom{P, Q) is endowed with bm A — A bimodule structure with respect to left and 
right multiplication 

W){p) = af{p), ra{f)ip) = fiap). 

Denote by Homa{P, Q) C Hom{P, Q) the cr-symmetric part of the bimodule. 
Elements of Homa{P,Q) are called a-homomorphisms. 

Therefore, an internal homomorphism / : P — > Q is a cr-homomorphism if and 
only if the following relations hold: 

/(a.p) = 5^a'(a).c7"(/)(p), (1) 

and 

a-m = Y,'^'if)i^"ici)-p), (2) 

for all a e A.p e P. 

Remark that if / : P — > Q is simultaneously a morphism in the category and 
a cr-homomorphism, then h{f) = e{h) /, for all h € H, and therefore the above 
conditions are reduced to the following known one: f{ap) = af{p). 
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Theorem. Let A be a a -commutative algebra. Then for any left A-module P with 
left multiplication fj,^ : A^P — > P, right multiplication = /x'o(Tp,a : P^A — > P 
determines A — A bimodule structure. 

Proof. We should show that the right and the left structures commute. 
One has 

{ap)b = J2a'ib)a"iap) = Y,a' {b)a'(,){ay(,^{p) = 
Y^<j'd'{b)a"{a)~a"{p) = ^ aa'(fo)a"(p) = a{bp) 

□ 

Let P be a left A module over a a commutative algebra A. Consider P ds A — A 
bimodule. We introduce a bimodule Pc which is the a- symmetric part of the 
bimodule P. 

We have the following direct description of the bimodule: 

Pa = {p&P \ iiJ - iJ o ap^A ° (^A,p){a®p) = 0, Va G A]. 
In terms of the braiding element we get 

p&P,^ap = Y, <^'iP) ■ '' = ^ E ^''^"(") ■ ^"'^'(P)' 

or, if we set 7 = cr • T{a) = X] 7' <8) 7", where 7' = X] cr' • a", and 7" = J2^"' 
then 

P<. = {peP|a-p = E7'(a)-7"(p)}- 

The ^-submodule P„ <Z P will be called the a- symmetric part of the left A- 
module P. 

A left j4-module P is called a-symmetric if Po- = -P- 

1.6. The following theorem describes the relation between two natural a- 
symmetric bimodules associated to a given left module. 

Theorem. Let A be a a -commutative algebra and let P be a left A-module in the 
category C. Then there is an isomorphism between Homa-{A, P) and P^ is given by 
the formula 

f€Hom,{A,P)^f{l)€P,. 

Proof. Let / e Hom„{A, P) then for any elements a,b G A we have 

/(a6) = Ea'(a).a"(/)(6). 

Hence, if we set 6 = 1, p= /(I), we get 

/(a) = Ea'(a) • a"(/)(l) = 5]a'a'(;)(/(5(a(2))(l))) 

= J2a'{a)-a'(,^{f{sS{a^,^)) = 5^a'(a) • {a'(,^e{a^,^))p 
= Ea'(a).<7"(p). 
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Prom condition 1.5.(2) one gets 

a •/(6)=^a'(/)(a" («)&). 

Hence, 

a-p = J2^a)fiS{'Ti2)y'{a)) =J2^ii)i^'S{cT[2^y'{a) ■ a"{p) = 

Y,{a[,^a'S{a[,X(^)) ■ (^(2)^"(p)) ''='^ ^{a'a[,.^S{a[,,^)a"{a) ■ {d"a[,p)) = 
^(a £(cr(2))cr"(a)) • {a"a[^){p)) = ^(a cr"(a)) • {d"a'{p)), 

where a = Y,<^' ® ^Y,^' ® ^" ■ 
Therefore, p £ P„. 

Similar calculations show that for any element p G Pa the formula 

/p(a)=^a'(a).a"(rt (1) 

determines a (T-homomorphism fp G HoniaiA, P). □ 

1.7. Let A be a a-commutative algebra and X a,n A — A bimodule. 

Consider a quotient bimodule X/X^ and define a bimodule X^^^ c X as the 
inverse image of the bimodule {X/Xa)^ C XjX^ with respect to the natural pro- 
jection X — > X/X„. 

Thus we get an embedding X^ C x'^a'^ and X^^ / X^ is a o" symmetric bimodule 
by construction. 

Proceeding in this way, we obtain a filtration of the bimodule X by bimodules 
X^\ z = -1,0,1,...: 

= x^-i) c = c x^i) c • ■ • c x^*) c c • • • c x^*) c X 

where, by definition, X^'*'^-' c X is the inverse image of {X/x'^^)„ with respect to 
the projection X — > X/xl^K 

Note that all the quotients x'^'' / X^"'^'' are cr-symmetric modules by the con- 
struction. 

We call the bimodule X^*^ = U X^^ a differential approximation of the A — A 
bimodule X. 

To produce more concrete description of the differential approximation, we define 
two types of morphisms: 

(5^(x) = a ■ X — a * X, 

and 

^„(a;) = X ■ a — X * a. 

Then, by definition, we have 

Xa = X(o) = {x&X\ 5',{x) = 5l{x) = 0,Va G A), 

and 

= {x G X I 6\{x) G X^;-'\5l{x) G Xt'\ya G A). 
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Examples. 

(1) In the category of G-graded modules over commutative group G, a,n A — A 
bimodule X = J2geG -^9 G-graded bimodule such that 

Ah ■ Xg C Xhg, Xg ■ Ah C Xgh- 

The bimodule is cr-symmetric if and only if 

ag ■ Xh = a-{g,h)xh ■ ag, and Xh ■ ag = a{h, g) Ug ■ Xh, 

for all Xh S Xh, ag e Ag, g,h G G. 

The CT-symmetric part of any A — A bimodule X is X„ = J2geGi-^'^)9^ where 

{X^)g = {Xg e XgltthXg = (J {k , g) X gtth , X gtth = G {g , k) tthX g tth G Ah , k € G} . 

The (5-morphisms have the following form 

(^s) =ah-Xg- a{h, g) Xg-au, 
^Ih (^s) = Xg-ah- a{g, h) ah-Xg. 

Then 

{Xa)g = {xg G Xg\Sl^{xg) = 5l^{xg) = 0, Vah GAh,hG G}, 
and Xi''^ = J2g(^Gi^^'^)a' where 

= {Xg G Xg\6ijXg) £ [X ^ g) , , [x g) G " ^ ' ) (g^) , Vfl/, G Ah}- 

(2) In the category of G graded G-modules (see ex. 1.3. (4)) with braiding a given 
by colour s we have, accordingly, 

^L(^g) = ah-Xg- s{Kg)h{xg) ■ ah, 
Khi^g) = Xg-ah- s{g, h)g{ah) ■ Xg, 

and the same description of X^^ . 

1.8. Applying the above procedure to bimodules of internal homomorphisms 
X = Hom{P,Q), we obtain modules of braided differential operators: 

Diff^{P,Q) = {Hom{P,Q)t^ 

in the category C. 

Keeping in the mind the definition of differential approximations, we build up 
the modules of braided differential operators over quasitriangular Hopf algebra in 
a direct way. 

To do this, we introduce two types of morphisms in Hom{P, Q): 
Si{f){p) = a- f{p)-^a'{f){a"{a).p), 

and 

6:{f){p) = f{a-p)-Y,^'ici).a"{f){p), 

for all a G G P, / G Hom{P, Q). 

Then 

DiffS{P,Q) = Hom,{P,Q) = {/ G Hom{P,Q) \ 6l{f) = SUf) = 0,Va G A}, 
and 

Diff^{P,Q) = {/ G Hom{P,Q) \ 5l{f),5',{f) G Dif f(,_^){P,Q),^a G A). 
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Examples. 

(1) In the category of G-graded modules we have 

^ih (/) (^) = f{x) - (7{h, g) fiahx), 
^Ih'^Dix) = f{ahx)-u{g,h) ahf{x), 

if / G Hom{X, Y) is a homomorphism of degree g. 

In the case i5^^ (/) and 6^^^ (/) arc homoniorphisms of degree hg. 

(2) In the category of G-graded G-modules we have 

^lu (/) (^) = "-h / W - «(^' 9)Kf) (o-hX) , 

^ah{f){x) = f{ahx) - s{g, h)g{ah) f{x), 

where the homomorphism / has degree g and h{f){x) = h{f{h~^x)). 

(3) The quantum hyperplane is given by the following data: A; = C, G = 17^, 
and the twisted 2-cocycle 

where is a skew symmetric n x n matrix, q &<C* , a,b ^Z"^. 

Let A be a u-commutative algebra in the category of G-graded modules. Assume 
that A is generated by elements xi,...,Xn and the relations 

Xi • Xj ^ij Xj ' Xi , 

where are matrix elements of w. 

Then the algebra of differential operators Diff^{A, A) is a Z"- graded algebra 
generated by elements Xi of degree 1, = (0, ...,0, 1,0, ...,0) e Z" and operators 9, 

i 

of degree —1, and the following relations 

di ' Xj ^ij Xj • di — Sij , 

di ■ dj - ujij dj ■di = Q, 

<2/j * j ^^ij ' '^i — ^* 

1.9. In this section we show that the composition of braided differential operators 
is a braided differential operator. 
We start with the following lemmas. 

Lemma 1. Let A be a a -commutative algebra and P,Q,R left A-modules. Then 
for any internal homomorphisms f G Hom{Q,R),g G Hom{P,Q) and h € H we 
have: 

h{f°9) = X] V)(/)°M(5)• 
/^ 

Proof. Prom the definition of il-action on the modules of internal homomorphisms 
we have 

h 
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On the other side we have 

°N2)(5)w = 5^/1(1) (/)(^2)(9(5(^3)P))) 

h h 

= E^(i)(/(^(^2)/i(3)(5(^(V)P)))) = Y.h^)<h^))^fi9{s{h(^)p))) 

h h 
h 

□ 

Lemma 2. The following formulae hold 

Slif og)=fo S:{g) + o a"{g), 

Slif 9) = Slif) og + Y^ a' if) o S^.^.^ig), 

for allaG A,f € Hom{Q, R), g € Hom{P, Q). 

Proof. To prove the first formula it is enough to compare 

6l{fog){p) = {fog){ap)-Y^'{a){a'l,^{f)oa'l^){g)){p) 

hexagon ^ ^^^^^^ _ ^ ^, ^„ ^ 

and 

/ ° ^ligm = if o g){ap) - J2 fW{a)a"{g){p)) 

= (/05)M-E^^'(a)(/)K(5)(p))-E^'('^'(«))^"(/)('^"(5)(f))- 

Similarly, for the second formula we get 

<5l(/ o g){p) = a{f o g){p) ^ U ° 
= «(/ o g){p) - Y«i)(f ) ° <2)i9))i<^"ia)p) 
=*^°" a{f o g){p) - E(^'(/) ° a'{g)){a"a"{a)p), 

and 

a{f o 9)ip) = {Slif) o g)ip) - E a'{f){a"ia)g{p)) = 

{Siif) o 9){p) - Yia'if) o {g)){p) + ^ cr'if) o a'(5)(a'V"(a)(p). 

□ 

Lemma. Maps 5' : A (g) Hom{P, Q) — ^ Hom{P, Q) and 5'^ : Hom{P, Q) (Si A 
Hom{P,Q) are H-morphisms: 

M^i(/)) = E^v,(«)(^2)(/)), 

and 



h 



M^a(/)) = E^V,(a)(Nl)(/))' 

h 

for all a G A, hG H, / e Hom{P, Q). 
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Theorem. Let A be a a -commutative algebra and let P, Q, R be left A-modules in 
the category C. 
Then 

(1) / e Diff^Q, R),9 e Difff{P, Q)^fog& Diff-^.{P, R). 

(2) / G Diff[{A,A),g e Dzff^{A,A) =^ [f,g]^ G Diff[^j_,iA,A), 

where [f,g]a = f ° 9 — J2^'{9) ° ^"(/) a -commutator of internal homomor- 

phisms. 

Proof. The first part of the theorem is follows from the lemmas. The second part 
is a consequence of the definition of braided differential operators and part (1) of 
the theorem. □ 

2. Braided Calculus 

In this chapter we introduce braided derivations as special 1-st order braided dif- 
ferential operators and consider braided differential forms as a representative object 
for the functor of braided derivations. We construct an algebra of braided differ- 
ential forms as a new ir-commutative algebra equipped with a universal braided 
derivation d such that d"^ = 0. We show that the main facts of the usual calculus 
can be translated in the case of arbitrary braidings. 

2.1. Let ^ be a u-commutative algebra and P be a left A-module in the category 

C. 

We define modules of braided derivations as follows 

D{P) = {fGDiff^{A,P)\f{l) = 0}. 

Elements of D{P) will be called braided or a-derivations of the algebra A with 
values in the module P. 

Wc now produce a description of (x-derivation in terms of generalized (or braided) 
Leibniz rule. 

Let / G D{P) and a G A. Then 5{{f),6l{f) G Homa{A,P) = P„ by definition 
of (T-derivation. 

Therefore, by 1.6.(1), we have 

5l{fm = Y,a'{h).cj"{pr), 

^i(/)(&) = E'^'W-^"(p'), 

for some elements Pr,Pi G P^- 
We have 

PI = <5i(/)(l) = a ■ /(I) - a'{f){a"{a)), 

Pr^S:if)il) = f{a)-J2a'ia)-a"if){l). 

Since, /(I) = 0, and /i(/)(l) = • /(5(/i(2)(l)) = /i(i)£(/i(2))/(l) = 0, for all 
h £ H, we get 

(pi = -J2cT'{f){a"{a)), 
\pr = f{a). 
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Therefore, conditions pr S Pa, Pi G Pa rnean that / : A — > P^r C P, and from 
formulae (1) and (2) we obtain the following form of the braided Leibniz rule 

f{a-b) = f{a)-b + J2^'{a)-a"{f){b), 

J2 ^'{f)W'{o) ■b)=a. f{b) + J2 ^'(/)(^"(«)) • b. ^ 

Summarizing, we obtain the following description of braided derivations. 

Proposition. An internal homomorphism f : A — > P is a a- derivation if and 
only if 

(1) f:A — >PaCP, and 

(2) braided Leibniz rule (1) holds. 

Remark. Let / : A — > P be a braided derivation and a morphism in the category. 
Then h{f) = e{h) ■ f, for all h £ H, and the braided Leibniz rule takes the usual 
form: 

f{ab) = f{a)b + af{b). 

Examples. 

(1) Let A be an algebra in the category of G-graded modules. Then an internal 
homomorphism / : A — *■ A of degree (/ G G is a braided derivation if the following 
form of the braided Leibniz rules hold: 

f{ahb) = f{ah)b + a{g,h)ahf{b), (1) 

and 

aih, g) f{ahb) = a„ f{b) + a{h, g) f{ah) b, (2) 

for all ah G A^, b & A. 

Therefore, in the algebra the folowing relations hold: 

(a{h,g)a{g,h)-l)ahf{b)=Q. 

Remark that we need formula (1) only if cr is a symmetry. 

(2) The braided Leibniz rules in the category of G-graded G-modules take the 
form: 

f{ahb) = f{ah) b + sig, h)g{ah) f{b) (1,) 

and 

s{h, g)h{f){ahh) = an f{b) + s{h, g)h{f){ah) 5, (2) 

where / as above is an internal homomorphism of degree g £ G and a^, € Ah, b € 
A. 

Formula (2) implies the following relation 

ag f{b) = s{h,g)s{g, h) {hgh-'){ah) h{f){b), 

for all ah & Ah, 6 G A. 

(3) Consider the group algebra fc[G] as a ir-commutative algebra in the category 
of G-graded G-modules. 
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Any braided derivation / : k[G\ — > k[G] of degree 5 € G is determined by some 
function u : G — > fc, where f{5h) = ^ih) 5gh- 

Prom the braided Leibniz rules we get the following relations on the function: 

v[hih2) = v{hi) + v{h2), 
u{hi^h2hi) = i'{h2), 

for all /ii, /i2 S G. 

Remark that the second condition is a consequence of the first one. 
(4) The ^-module of derivations of the quantum hyperplane is generated by 
operators di of degree — 1^ such that di{xj) = Sij. 

The Leibniz rule produces the following commutation relations: 

di ■ Xj - uj^/xj ■ di = 5ij. 

2. 2. Below we collect together the properties of braided derivations. 
Theorem. 

(1) D{P) is a asymmetric A-module, i.e. D„{P) = D{P), or 

for all a € A, / G D{P). 

(2) The module D{A) is closed with respect to the braided commutator 

[f,9]a = fog-J2a'{g)oa"{f), 
and the commutator is an H invariant: 

for all f,g e D{A), h e H. 

(3) Let fi S D{A), i = 1,2,'S be braided derivations of the algebra A such that 

/io/2 = E7'(/i)°7"(/2), (1) 

and 

E/i o <7'(/3) o a"{f2) = E7'(/i) o a'ifs) o a"{i'{f2)). (2) 
Then the braided Jacobi identity holds: 



[/l,[/2,/3Wa = [[/l,/2]a,/3]a + l^k'(/l),K(/2),/3Wa. (3) 
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Proof. 

(1) Using the definition of braided derivations, we get 

^I'iaW'ifm = ^a'a"{a)a"a'{f){b) = 

^a'{f){a"{a)b)-Y,^'{f){a"{a))b = 
a-f{b). 

(2) The a- commutator is a braided differential operator of the order 1, and 

[f,g]a{i) = o. 

Therefore, [f,g]^GD{A). 

To prove iJ-invariance of the commutator we have: 
h{[f, g].) = o 5) - ^ h{a'{g) o a"{g)) = 

J2 (/) ° (g) - Yl ^(i)^'(fi') ° ^(2)<7"(/) = 

h h 

(/) O /l(2) (5) - Y <^'h2) {g) O (^"h(l) if ) = 
h h 

Yl^\l){f),\2){g)]a- 

h 

(3) We have 

[/l, [/2, f^Ua = /l ° /2 O /3 - ^ /l O a'(/3) O a"(/2)- 
[[/l, /2]., /3]a = /l O /2 O /3 - E '^'(/2) ° '^"(A) ° /s" 

E'^'(/3) ° <i)(/i) ° + E^'(/3) ° o 

and 

E[^'(/2), K(/i), /s].]. = E ° ^"(/i) ° h- 

E '^'(Z^) ° ^'(/3) ° - E ° ^(2)(/3) ° ^V(/2) + 

E '^'^(2)(/3) ° ° (/2). 

Comparing coefficients of terms with fifjfk, k = 1, 2, 3 we see that they are 
equal in the following cases: 

(1) ./'2/3/1 by the hexagon equations, 

(2) /2/1/3 and /1/2/3 =^ are simply equal, 

(3) /3/2/1 => by the Yang-Baxter equation. 

The rest of the Jacobi identity composed of the terms /1/3/2 and /3/1/2 is the 
following: 

E A ° ^'(/3) ° ^"(/2) - E ° '^(2)(/3) ° '^"^'(/2) + 

E '^'^(2)(/3) o <y"o[,)o"{fi) o a"a'(/2) - E ^'(/3) ° ° <2)(/2) = 

E /l ° ^'(/3) ° ^"(/2) - E^'(A) ° ^'(/3) O 't"7"(/2) + 

E^'(/3) °'^"(2)7"(/2) - E^'(/3) °'^"(2)(/2). 
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□ 

Corollary 1. The braided Jacobi identity holds if fx or /2 is an H -invariant 
braided derivation. 

Proof. Suppose, for instance, that f\ is an iJ-invariant derivation. Then 
E ° 7"(/2) = ° 7"(/2) = /l o /2. 

In the same way we get condition (2). □ 

Corollary 2. Let a be a symmetry in the category. Then 

(1) The braided Jacobi identity holds for all braided derivations /i, /2, /s- 

(2) [/l,/2]. = -E['^'(/2),^"(/l)]a. 

2.3. In this section we build up the representative object for the functor of 
braided derivations D : P — > D{P). To do this, we look at a symmetric bimodulc 
Q,^{A), generated by formal elements adh, where a,b ^ A, with following relations: 

(1) il-action 

h{adb) = ^h(i){a) dh(2){b), 

h 

(2) the right A-module structure 

db-a = Y,(^'{a)d(^"{b) 
and (7-symmetric relations 

adb = Y,l'ia)dl"{b), 

where 7 = cr • t((t) = 7' <8> 7", and 

(3) the usual differential relations 

d{a + b) = da + db, d{ab) = da ■ b + a ■ db. 

Denote by d : A — > n^{A) the operator: d : a i—^ da. 

The properties above imply that is a braided derivation. 

Theorem. For any braided derivation f : A — > P there is a a- homomorphism 
f : n^{A) — > P such that 

f = fod. 

The a- homomorphism f is uniquely determined, and the correspondence f ^ f 
establishes an isomorphism, in the category between D[P) and Hom„{A., P^-). 

Proof. We define / as follows 

f{adb) = j2^'i<^y'im), 

for all a,b G A. 

At first we show that ~ is a morphism in the category. 



20 



V.LYCHAGIN 



One has 

h{f){adb) = ^/i(i)(/(5/*(3)(a)(i(5/i(2)6) = ^ a'(^/i(3) (a))a"(/)(^/i(2)6) = 

h 

ENi)'^'(^M(«)^2)K(/)(%3)6)) = ^/i(i)C7'(5/i(3)(a))(/i(2)a")(/)(6) = 
E'^'(^2)%3)a)K/i(i))(/)W = ^<7'(e(/i(2))a)(c7"/i(i))(/)(6) = 
Y,cr'{a){a"h){f){b) = h(f){adb). 

Now we check the first property of ct homomorphisms. 
Let p = cdb, then 

f{ap) - fiacdb) = Y,a'{ac)o"{f){b) = ^ '^(D («)4) (^)^"(/)(^) 
For the second property we have 

Eo-(l)(^'(S'cr(4)Cr"(a)5CT(3)(c))CT"(/)(5CT(2)(6))) = 

^<^[i){I{ScF[^)(T"{a) ■ 5ct(3)(c) • S'cr(2)(6)))- 

J2a[,^{f{Sa[^)a"{a)Sa[,^{c)) ■ Sa[^^{b)) = 

E a'{f){a"{a)cb) - E • b = 

af{cb) + J2<^'{f){a"{a))cb - af{c)b -J2^'{f){a"{a))cb = 

aficb) - af{c)b = a^a'{c)a"{f){b) = af{cdb). 

□ 

2.4. Starting from this point we will build up an algebra of braided differential 
forms over a a-commutative algebra A. 

The algebra will be a new tr commutative algebra Vl*{A) = X]iGN^*(^)' ^'^^ 
some new braiding a equipped with some _ff-invariant braided derivation of degree 
1. 

The last conditions dictate some restrictions on the braiding a. 
To describe these braidings we look at the category Qr{C) of N -graded objects 
over C. 

The category has for objects families of objects in C i.e. X = {X„,n S N}. and 
for morphisms / : X — > Y families / = {/„, n G N} of morphisms /„ : X„ — > Yn 
in C. 

We introduce the usual tensor product in Qr(C): 

(X®F)„ = E^i®^n-i- 

i 

Observe that Gt{C) has modules of internal homomorphisms 
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Hom{X,Y), where 

Homn{X,Y) = {/ = {/„}!/„ e Fom(X„y,+„)Vi,n e N}. 

We will call elements of Homn{X, Y) internal homomorphisms of degree n. 

Below we identify in the usual way an object Z of the category C with the object 
{Zn) of the category Gr{C), where Zq = Z, and Z„ = otherwise. 

In a similar way, we identify morphisms and internal homomorphisms in C with 
morphisms and internal homomorphisms in Qr{C). 

Theorem. Any braiding ax,Y : X ®Y — > Y ® X in the category Qr{C) has the 
form 

for some family {(Jn,mi n, m G N} of elements of H <S:H, and where Xn G Xn, G 
Y 

The family {<Tn,m} is completely determined by the following data: 

(1) a braiding a — CTq.o in the category C, 

(2) two invertible central group like elements (pjip € H, 

(3) an invertible element q e U{k), 

(4) for the data {a, (j), ■ip, q) the braiding a is given by the formula 

an,m = {qT"'{r®i^n-^- (1) 



Proof. Rewriting the hexagon conditions for a in terms of the family an,m we obtain 
the following relations : 

{id /S)an+m,k = {o-n,k 'Si l){am,k)i3, (2) 

(A (g) id)an,m+k = (1 O ^n,k){^nm)l3, (3) 

a„^rn ■ r{Ah) = A{h) ■ an,m, yheH;n,me N. (4) 

Now by applying the morphism id <Si s <Si id to the both sides of formula (2) wc get 
the following recursive relation: 

(Tn+TO.fc = i4'n,k l)tTm,fe, (5) 

where 

4>n.k = [id (g) e)<Jn,fe. (6) 

In the same way we get from (3) 

0-n,m+/c = (1 l8) iln,k)crn,m, (7) 

where 

^n,k = {£®id)an,k- (8) 
Letting n = 1 in (5), we get dm+i,k = {4>i,k ® ^)^m,ki and therefore 
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In a similar way, letting fc = 1 in formula (6), we get an,m+i = ^ 'il^n,i)^n,m, and 
therefore 

0-„,m = (1 «) V'™l)'3-n,0- 

Let 4> = 01,0, ^ = i^o,i,o- = ao,o, then an,o = (0" (8) l)^, and ao,k = (1 05 V''')^''- 
Prom the relations 



{id (8) e)(0i,fe (8> V'')^- = £(V')*'?!'i,fe, 
(id (8> £)(0 O '^i'f,i)(T = e{tlJi,i)''(l), 



we get £(V') = 1, and (j)i^k = £:{.tpi,i)''4'- 
In a similar way, from the relations 



V'n.i = (£ <8) id)an,i 



(e (g) «d)((/>^_i (g) V')o- = e(<?!'i,i)"V, 
(e (g) O ^„,i)c7 = e(0)"Vn,i, 



we get e{(j)) = 1, and = e(</'i,i)""0- 

Now if we put q = = ^ '^'i obtain formula (1). By substituting 

this formula in relations(2),(3) and (4) we find that (f) and tjj are central group-like 

elements. □ 

2.5. To motivate the following considerations, we assume that a cr-commutative 
algebra A is embedded in some ir-commutative algebra A = J2nGN-^n, Aq = A, 
with wedge multiplication A. 

Assume also that the algebra A is equipped with a non-trivial H- invariant 
braided derivation d. 

The braided Leibniz rule for il-invariant derivations of the algebra takes the 
form 

{d{an A am) = dan A + g"(?i(a„) A d{am), 
(f d{^{an) A am) = a™ A d{am) + d{-il}{a„)) A am, 

where Q!„ e A„, e A,„. 

Comparing these relations shows that g^"0V = 1 on A„, Vn S N. Therefore, 
= 1 and (ptp = 1 on A. 

We should remark also that [d,d]a ~ (1 — and therefore is a braided 

derivation if (1 — 17) is an invertible clement of k. 

Definition. The braiding a given by formula 2.4.(1) with q = —1 and (pijj = 1 will 
be called a differential prolongation of the braiding a. 

2.6. Let us fix a braiding a, group-like element (j) € H and let a be the differ- 
ential prolongation of a. 

Denote by ^^^(^4, (j)) a bimodule generated by formal elements a drj,b, where a, 6 € 
A, with new relations (cf.2.3.) 

(1) if-action 

h{a d^b) = ^ (a) d^h^2) {b), 

h 

(2) the right A-module structure 



d^b ■ a = (j)a'{a) d^a"{b), 
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(3) (T-symmetric relations 

o ^^6 = ^ (^17' (a) d^i' (b) , 

(4) and new differential relations 

d^(o + 6) = d^{a) + d^{b), d^{ab) = d^{a) ■b + (f>{a) d^{b). 

Note that i^iA, 1) = ^^{A), when ^ = 1 on A. 
Denote by 

the iT-commutative algebra generated by A and (A, cj)) . 

Let d,^ ; 0"(A,(/)) — > n e N, be the a-derivation of degree 1, 

defined by the formula 

d^{a A /?) = d^a A /? + (-l)".^"(a) A 

for all a e /?eO*(A,0). 

Then = 0, and for any cr-commutative algebra A we get the complex: 

^ A ^ n\A,cj)) ^ ■ ■ ■ ^ n^{A,^) ^ n''+\A,ci)) ^ ■ ■ ■ 

The cohomology of this complex at the term {A, (p) will be denoted by {A, (/)) 
and called braided de Rham cohomology of the algebra A. 

Note that the structure of a ct multiplicative algebra in Q.* {A, <p) induces the 
same structure in the braided cohomology algebra 

H*{A,<j>) = Y,H^iA,<j>). 

rteN 

Examples. 

(1) In the category of G-graded modules the construction of the algebra of 
differential forms over cr-commutative algebra A depends on invertible group-like 
elements (p G k{G). 

Therefore the construction is determined by the group homomorphisms (f) : G — > 

U{k). 

For instance, for the trivial group G = {e} we a unique algebra but for the 
super-case G = Z2 we have two algebras of differential forms. 

(2) For the case of quantum hyperplanc fc = C, G = Z", the homomorphisms 
(j) : Z" — > C* have the form (j){a) = z"", for some complex vector z = {zi, Zn) G 
(C*)". 

The algebra of differential forms for the given (j) generaded by the elements Xi 
and dxj and the relations: 

X'l^CCj — ^^ij ) dx J — ^z^^ij dXj X-i^ dx-i /\ dXj — ^i^j^^ij dXj /\ dx^t 

2.7. Let X be a left A-module in the category C and let n G N. We de- 
note by a left fi* (A, (ji)-module in the category Qr{C) such that (X(„))„ = 
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X, and {X(n-f)k — otherwise, with obvious iiniltiplication: uj ■ x = 0, if co G 
il*{A, (p), degco > 1, and a - x = ax, if x & X,a G A. 

As above, we may introduce a right ft* {A, (/))-module structure in X(„) : 

a;.a =^^(/)V(a) a"{x), 

if a £ A, x £ X, and a; • a; = 0, if a; e Cl*{A, (p), degw > 1. 
The following calculation 

E a-V"(a) ctV(x) E 7' (a) 7"(a;) 

shows that is a CT-symmetric fi* (A, ^)-bimodule if X is a cr-symmetric A- 

module. 

Let / : fi* (A, (j)) — > P be a a-derivation of degree k with values in a-symmetric 

n*{A, ^)-modulc P. 

We consider the restriction /o = /|a : ^ — > Pfe as a fc-homomorphism of 
a-commutative algebra A = A(o) into a symmetric r2*(A, 0)-module {Pk)(k)- 
These restrictions may be characterized by a new Leibniz rule. 

Definition. Let X be a cr-symmetric left A-module. An internal homomorphism 
/ : A — > X will be called twisted (or (/>- twisted) derivation of degree k gZ, if the 
following twisted Leibniz rule holds: 

fiab) = f{a)b + Y,cb''a'{a)a"{f)ib), 

E^'(/)(r'^"(a)6) = a/(&) +E^'(/)(r'^"(a))& 

Denote by D^^k the module of all twisted derivations of degree k. 
Remarks. 

(1) Wc have /o G D^^k{Pk)i for the restriction /o. 

(2) If f : A — > P is an i?-invariant twisted derivation of degree k, then the 
twisted Leibniz rule takes the form: 

f{ab) = f{a)b + ct>\a)f{b). 

(3) The differentials d^k : A — > Q}{A,(j)'') are twisted i?-invariant derivations 

of degree k. 

Theorem. The morphisms d^k : A — >■ il}[A, (p^) are universal twisted derivations 
of degree k in the following sense. 

Any twisted derivation f : A — > X of degree k may be represented as the 
composition f = f o d^k, where f : cp'') — > X determines a -homomorphism 

(r2^(A, — > X(/;). The correspondence f ^ f establishes an isomorphism 

D^,k{X) - Homa,o{^\A,^'')^k),X^k)) ^ Hom,{n\A,cp''),X). 

2.8. We say that a a-derivation fl*{A, cp) — > P is algebraic, if /|a = 0. 
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Denote by Df^{P) the n*{A, 0)-module of all the algebraic derivations of degree 
k G Z, and by Df^{P) = X^^gz graded module of all the algebraic 
derivations. 

Remark that any algebraic derivation is determined by its restriction to f2^ {A, (j)). 
Therefore we have Df^{P) = 0, if fc < -1. 

Let {A, (j))) be a representative object for the functor of algebraic deriva- 

tions of degree fc, and let : Q*{A, (f)) — > Jl^j^ j.(f2*(^, (f))) be the universal alge- 
braic derivation. 

As before, we may consider fi^jg </>)) as a a-symmetric module generated 

by formal elements a A d^(3, where a,(3 G fl*{A, (/)), with relations 

(1) il-action 

h{aAdm = A5^/i(2)(/3), 

h 

(2) the right ri*(y4., (/))-module structure 

a^/3Aa = ^(/.V(a)Aa£a"(/3), 
and the a-symmetric relations 

(3) algebraic differential relations 

dUa + /?) = d^a + d^P, dl{a A /?) = dt{a) A /? + <j>\a) A 
and 

for all X €: A. 

Let P be a ri*(A, ^)-module in the category Qr{C). We will denote by P(fe) the 
shifted module: {P(k))n = Pn+k, n £ Z. 

Theorem. Any algebraic derivation f : n*[A, (j)) — > P, of degree fc > — 1, may be 
represented in a unique way as a composition f = f od^, where 

f:nl,^^,{n*{A,^))^p 

determines a -homomorphism (fi^jg — > P(j^-^ and the map f f 
establishes an isomorphism 

Dt\P) ^ ffom*,o(Oi,g,fc,P) ~ ifom^,o(f2iig,fc,P(fe)). 

2.9. Now we look at the algebra Vl*{A, (f) as a new (T-commutative algebra and 
build up the new universal module of braided differential forms Q}{p.*{A, (j))) in the 
category Qr(C) together with new universal ir-derivation 

d : n*{A,(j)) — >■ n\n*{A,(j))), 

of degree 0. 
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We may consider Sl^ {Q* {A, (p)) as a a-symmetric Z-graded module 

k 

where Q}{Q.*{A, 4>))k is generated by formal elements aAdk(3, where a,(3 € Q*{A, </>), 
with following relations: 

(1) if-action 

h 

(2) the right Q.* {A, 0)-module structure 

afe/MQ = ^0^tT'(a)A9fe(7"(/3), 
and the a-symmetric relations 

(3) twisted differential relations 

dk{a + 13)= dua + dk(3, dk{a A /?) = S^a A /? + /(a) A dkf3. 
Summarizing, we obtain the following 

Theorem. The pair {p,^{fl*{A,(p)),d = J2(^k) is a representative object for the 
functor of graded braided derivations of the algebra (^), and 

(1) the restriction map f e Df.{P) ^ /|a € D^^k{Pk) defines an embedding 

Q}{A,(I>^) n\Q.*{A,ct>))^, 

where a d^k b>-^ adkb, a,b G A, 

(2) the embedding Df^{P) c -D*(-P) defines epimorphisms 

n'in*{A,^))^^nl,^^,in*iA,<i,))^o, 

such that a A dkP a A 9^/3, 

(3) the sequence 

^ (A, /) ^ {n* {A, ^ i^* (A <P))^o 

is exact. 

2.10. In this section wc describe the module of braided a- derivations of the 
algebra braided differential forms Q*{A, </>). 

We start with an explicit description of algebraic braided derivations. Any such 

derivation / : n*{A,<j>) — > of degree k is completely determined by the 

restriction on fl^ (A, (p) and therefore we obtain an isomorphism: 

Df^{n*{A, <P)) ~ Hom^{n\A, cf>), ^^+\A, cj))). 
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The image ix e Df^{n*{A,4>)) of the element A e Hom^{n\A,(P),n''+'^{A,4>)) 
will be called inner braided derivation. One can define ix directly using the braided 
Leibniz rule: 
the derivations 

ix:n^{A,^)^a^+''{A,^) 

are determined by the following relations: 

(1) ix{a)=0, yaeA^n"{A,<l>), 

(2) ixico) = XiLo), Vw G n\A, (/>), 

(3) h{ix)=thix), yheH, 

(4) txiuJi A UJ2) = txi^i) A + (-l)'^^' E '^''^^'(^i) A <^-Jct"(u;2), 

(5) E 0^«.'(A)(0"'<T"(a>i) A a;2) = A ZA(a;2) + E '/>'' V(A) (</>" '=^"('^1)) A ^2, 

for all wi e n^{A,<l)),L02 G 
Denote by 

Afk{A, (j)) = Hom^{n\A,<i>),Q!'+\A, 

and let 

AC(A,<^) = ^A4(A'/'). 

feez 

We will call this module a Nijenhuis algebra of the a-commutative algebra ^. 
The discussion above shows that we have isomorphisms 

Mk{A,ct>)-Dk'''^{^r{A,ct>)). 

Modules of braided derivations are closed with respect to braided commutators. 
Therefore we obtain a bilinear structure: 

[,]^:J\fk{A,4>)xUi{A,4>) ^Mk+i{A,cl>), 

in the (/)). 

Here we define [Ai, A2]ct from the following relation: 

The bracket [,]^ will be called braided algebraic Nijenhuis bracket. 
Prom the definition of the bracket we have: 

[Ai, A2]* = ixMuj)) - (-1)'=' ^ Va'(A.)(r'^"(Ai)), 

where w G Vl^{A,<j)) Ai G Mk{A,(t)),\2 G Ni{A,<j}). 

2.11. A braided Lie derivation Cx with respect to element A G Nk{A,(f)) will 
mean the braided derivation 

Note that Cx G Dk+i{Q.*{A, </.)), if A G Nk{A, 4>). 

Below we collect together the main properties of braided Lie derivations. 
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Theorem. The braided Lie derivations are a -derivations of the a -commutative 
algebra <j)) of braided differential forms such that: 

(1) [d^,Cx]a = Q, VAgAC(A0), 

(2) h{Cx)=Ch(x), yh€H, 

(3) The braided commutator [C\-^, C\.-^]a is a braided Lie derivation Ci^\-^^,x^y 
for some element {Ai,A2}. This element is called a braided differential 
Frolicher-Nijenhuis bracket. 

(4) Any a -derivation f : n*(A,(f>) — > i}*(A,(f>) of the algebra braided differen- 
tial forms fl*{A,(j)) may be represented as follows: 

for some uniquely determined elements Ai and A2 . 
Hence, there is a decomposition: 

D4n*{A, (j))) = D^^^^n^A, (j))) e dJ''%q.*{a, cj))), 

such that 

[Dj^'%^*{A,cj))),D,^'%^*{A,ct>))\. C Dj^'\^*{A,4>)), 
[D,'^'^{n*{A,(l>)),D.^\n*{A,<i>))\^ C i)/'s(f2* (A </>)), 

and 

[d^, D,^'^{n*{A, . c 0)), [d^, D^'^'^n^iA, 0))] . = 0. 

(5) The following braided analog of the infinitesimal Stokes theorem holds: 

[Ui, As]* = H-^i.Aa} + (-l)''^Ai.A2i 

[^\2^1'\ih = (~1)''''^HA2,Ai} + (-l)''''^^; 0'=+1ct'(Ai).(^-'(7"(A2) 

where Ai e Afk{A, <p),\2 E Mi{A, <j)). 

Proof. Properties (l)-(3) of the braided Lie derivations are consequences of prop- 
erties 2.2. of braided derivations. We should remark only that is an ff-invariant 
braided derivation. 

To prove (4), we should note that A2 is determined by the restriction /|^. Then 
/ — £^2 is an algebraic braided derivation, and therefore / — = ix^ . 
Note also, that [d^, f]a = jCx^- 
To prove (5), we decompose [iXi,jC.X2]» as above: 

[^Ai ) ^X2]d- — "I" 

for some elements x,y G Af,f{A, (f)). To determine y, we should look at the restriction 

[zai,-Ca2]<t on A. 
One gets 

[ix,.Cx2]a{a) = ix,oCx2{a) = {-l^+^ix, o ix^{d^a) = (-l)'+i(Ai • A2)(rf^a). 
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Therefore, y = • A2. 

Moreover, one has 

-Cx = [d<i,,ix\a = [d4,, [iXi,C\2]a]a = [Cxi,Cx2]» = £{Ai,A2}- 

In a similar one proves the second relation. □ 

2.12. In this secxtion we define a Lie structure on the modules of braided 
derivations. There are several definitions of braided Lie algebras ( [Gu],[Mj]). 

All of them are based on the translation of the Jacobi identity into the framework 
of braided categories. 

Here we are suggesting to change our paradigm and to consider a braided Lie 
coalgcbra structure in modules of braided differential forms instead of Lie algebra 
structure in modules of braided derivations. This makes it possible to preserve 
some analogue of the skew symmetry property and write down Jacobi identity as 
a braided version of the Master equation. 

We should point out that our approach is based on the definition of Lie coalgebra 
structures as invariant braided derivations and we therefore may exploit the theory 
of braided derivations developed in this section. 

Let A be a cr-commutative algebra in the category C and let M be an ^ — A 
bimodule. We fix some differential prolongation a determined by some central 
group like clement (j) E H. 

We will say that M is a asymmetric bimodule if is a a-symmetric fl*{A, (j))- 
bimodule. 

In other words M is a ^-symmetric bimodule if 

am = cr' (m) ■ 4>~^a" (a), 

and 

ma = ^^^cr'(a) • a"{m), 

for all a e A, me M. 

Denote by A^(M) = A^(M) the a-commutative N- graded algebra gen- 

erated by A9(M) = A and A~(M) = M. Let A be a product in the algebra. 

As above we denote by Df^{A%{M)) = Efc>-i Df^iKi^)) the module of al- 
gebraic braided derivations of the algebra. Here we denote by D^'S(A^ (M)) module 
of (7-derivations / : A*~{M) — > A;(M) of degree k > -1, such that /{a = 0. 

Let 

A4(M) = Hom»{M,A';+\M)) 
be a Nijenhuis module and 

J\f,{M) = ^k{M) 

k>-l 

be a Nijenhuis algebra of the bimodule M. 

As we saw above, there is an isomorphism between Afk{M) and £)^'^(A^ (M)), 
given by inner braided derivations: a G J\fk{M) 1-^ ta G Df^{Al{M)). 
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We have two algebraic structures in A/"* (M) : 

(1) an associative graded algebra structure 

• : (M) AT; (M) ^ Nk+i (M) , 
a (8i /? 1-^ a • /3, 

where 

(a«/3)(m) = ia{l3{m)), 

for all m G M, and 

(2) an algebraic Nijenhuis bracket 

[., .] : Mk{M)®Mi{M) Uk+i{M), 

where 
or 

[a, = (" • /3) - (-1)'' E • <^"'^"(")- 

Example. Let A; = — 1. Then a G N-\{M) = M* determines the braided inner 

derivation or a braided annihilator operator la : A^(M) — »■ A^~"^(M). Because 
N'-2{M) = we get the following commutative relations: 

[^a■,^p\a = 0, 

for all a,/J e A/'-i(M). 

2. 13. Definition. We say that a a derivation V of the a-commutative algebra 
At (M) of degree 1 is a braided Lie coalgebra structure on the bimodule M if 

(1) V is an i?-invariant a-derivation, 

(2) the Master equation 

[V,V]^ = 0, (1) 

holds. 

Therefore a Lie coalgebra structure determines two morphisms 

(1) a twisted derivation V : A — > M, and 

(2) a braided symmetric co-product V : M — > A|(M), 
such that the Master equation holds. 

Our main example of a Lie coalgebra structure is the following 

Theorem. The algebra braided differential forms fl*{A,(j)) over a- commutative 
algebra A is a braided Lie coalgebra with respect to the braided differential d^. 

Proof. [d^,d^]=2dl^0. a 

2.14. Let V be a braided Lie coalgebra structure on a bimodule M. Then we 
can define a V-Lie derivation : At (M) — >■ At (M) for any a e Mk{M), as 
above: Cl = [V,i„]^ e £>fc+i(At (M)). 
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Theorem. The braided V-Lie derivations are a -derivations of the a -commutative 

algebra AJ(M) such that: 

(1) [V,£^]^ = 0, VaeM(M). 

(2) h{Ll)=Lt,^„)^, yh€H. 

(3) The braided commutator [C^,Cp]a is a braided V-Lic derivation C^a,i3}^ 
for some element {a,(3}^ . The element is called a braided V -differential 
Frolicher-Nijenhuis bracket. 

Proof. See the proof of Theorem 2.10. □ 

3. Quantizations 

In this chapter we define quantizations of monoidal categories and functors be- 
tween them. We suggest two descriptions of quantizations: one in terms of quantiz- 
ers (and nonlinear cohomologies Unked with the description), and the other in terms 
of Hochschild cohom.ologies of Grothendieck ring of the given monoidal category. 

We show that quantizations " deform" all algebraic and differential objects in the 
category and produce in this way quantizations of the braided differential operators. 

3.1. Let C be a monoidal category equipped with 

(1) a bifunctor of tensor product 

(g):CxC — >C, 

(2) an associativity constraint 

a = ax,Y,z : X (y Z) — > (X F) Z, 

(3) a unit object k = kc with natural isomorphisms 

rf -.k^X — ^X, T]'' :X^k — > X, 

such that the following MacLane coherence conditions hold [McL]: 
(i) the pentagon axiom: 

X0(r0(Z0T)) — ^ (X0y)0(Z0T) — ^ ((X0y)0Z)0T 



X ((y z) T) = X ((y z) t) — ^ (x (y z)) r 

(ii) the unity axiom: 

{id V) o o:x,k,Y = rf ® id. 

3.2. Let A and B be monoidal categories. Wc will denote the tensor product in A 
by and that in S by and associativity and units constraints by a^, r;^, and by 
ctBiilB respectively. 

Let $ : A — > B be a unit preserving functor. 



32 



V.LYCHAGIN 



Definition. 

(1) We say that a natural isomorphism Q 

Qx,Y : $(X)(8)$(F) (g) Y), X,Y £ Ob{A), 

is a quantization of the functor $ if Q preserves a unit object: 

$(»7!4) ° Qx,k = vh Hva) ° Qk,x = 

and the following diagram 

$(x)(g)($(y)(g)$(z)) J^®£^ $(x)(g)$(y (g) ^ ) o (y o z)) 

($(x)®$(y))«)$(z) $(x (g) y)^$(z) ^ ) $((X(g)y)®z) 

commutes. 

(2) We say that Q is a quantization of monoidal category .4 if Q is a quantization 
of the identity functor ^ = id : A — > A. 

Wc show that the above commutative diagram is a realization of some type of 
MacLane coherence conditions. 

To do this, we introduce two monoidal categories. The first one is the category 
[sec McL] of binary words. The words arc generated by two symbols: eo empty 
word and (-)-placeholder. We convert the set of binary words into a category W 
by introducing one arrow between any binary words of the same length. It is a 
monoidal category under multiplication of binary words with unit object cq. 

The second category is the monoidal category It{A, B) of iterates. Objects of the 
category are pairs (n, T), where T : A^ — > B is a functor. Arrows in the category 
/ : (n.T) — > (n, T') are natural transformations / : T — % T', [cf.McL]. Wc convert 
It{A,B) into a monoidal category by introducing multiplication (m,S)®(n,T) = 
{n + m, S®T), where S^T is the composite 

S®T : .4"+"" = A"" X A"" B ^ B ^ B. 

Any binary word w of length n determines a functor : A^ — > B obtained 

by replacing each placeholder (-) by the functor 

More precisely, the definition is given by recursion: if we determined functors 
$,(u>i) and $*(ii;2) for binary words wi,W2 of respective lengths n and m, then 
$*(u'i -1112) is determined by the following diagram 

*(t«l)X*(t«2) 

BxB — ^ BxB. 

Definition. [cf.Ep] We say that monoidal categories A and B are ^-coherent if 
: W — > It{A, B) is a tensor product preserving functor. 

The proof of the following theorem is analogous to the proof of theorem 1.6. [Ep]. 
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Theorem. Monoidal categories A and B are ^-coherent if and only if Q is a 
quantization of the functor <i>. 

There is an action of natural isomorphisms of the category A on the set of all 
quantizations. 

Let A : A — > ^ be a unit preserving natural isomorphism, Ax : X — > X, and 
let Q be a quantization of the functor <I> : A — > B. Then we can build up a new 
isomorphism Q\ : $(X)(g)(E>(y) — > $(X ® Y) by using the following commutative 
diagram 



*(Ax)<8i4>(Ai') 



*(Ax®i') 



$(X)(8)$(y) i^iliSiI. ^X®Y). 

Denote by S($) the set of all the quantizations of the functor $ and by QiJ^(<l>) 
the set of equivalence classes with respect to the following equivalence relation: 

Q ^ Q' <^ 3 a unit preserving transformation A : A ^, such thatQ' = Q\. 

The set is an analogue of the non-linear second cohomology group asso- 

ciated to the functor $ (see 3.6. below). 

3.3. Quantizations transport all natural algebraic structures related to tensor 
product. 

Below we list the transport of main structures. 
1. Braidings and symmetries. 

Let $ : A — > ;B be a faithful functor and let cr be a braiding or a symmetry in 
a monoidal category A. 

Then the natural isomorphism ctq, given by the commutative diagram 

$(X)(g)$(r) ^{X®Y) 



*(<7) 



is a braiding or, respectively, symmetry on the image of the functor $ (see, for 
example, [L3]). 

Therefore, if $ is an isomorphism of categories then uq is a braiding or a sym- 
metry in the category B. 

2. Algebraic structures. 

Let A be an algebra in a monoidal category A with multiplication law: : 
A (g) A — > A. 

Define a quantization Aq of the algebra structure as the object Aq = ^{A) of 
the category B with new product 

fiQ = $(/i) o Qa,a ■■ $(^)(8>$(A) — > ^(^)- 

It follows from the coherence conditions that the pair ($(>!), /xg) determines an 
algebra structure in the category B. 
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Indeed, the naturality of Q gives us the following commutative diagram 

Therefore, for the proof of the associativity law we have 

/iQ o {id®iJLQ) = ^(fi) o Qa,a o {id^^ifi)) o Qa,a 

= O ^{id ® lj)o QA,A<^A{id®QA,A)- 

In the same way we get 

Analogously, if A is a coalgebra in the category A with diagonal A : A — > A(E) A 
then Aq = ^{A) is a coalgebra in the category B with the new diagonal Aq = 

Let (T be a braiding in the category A and let {A, fi) be an algebra in A. Wc 
define an algebra structure in A®'^, n^. : A^"^ (g) — > from the following 
commutative diagram: 

{A^A)^{A^A) A^A 

[A® A)® [A® A) A^A. 

Lemma. The morphism /i^ determines an associative algebra structure in A. 

Definition. [Mj]. A braided or a-bialgebra in a monoidal category A is an algebra 
{A, ji) and coalgebra (A, A) structures, such that A : A — > A ® ^4 is an algebra 
homomorphism, where the last algebra is considered with the structure /i^. 

Theorem. Let (A, ^, A) he a a-bialgebra. Then {Aq,ij,q,Aq) is a aQ-bialgebra 
for any quantization Q. 

3. Module structures. 

Let X be a left A-module in category A with multiplication fj} : A® X — > X. 
A quantization of the module is the object Xq = with the new product 

= o Qa,x : <^{A) ® 

One can show as above that fiQ determines a left Ag-module structure in the 
category B. 

In the obvious way we can apply the same procedure to right and bi-modules 
structures. 
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3.4. Let S be a bialgebra over k. Quantizations of the monoidal category B—mod 
are determined by invertible elements q € B®B, such that the following conditions 

(A O id){q) • (g ® 1) = {id ® A)(9) • (1 g), (1) 

{£®id){q) = {id(^e){q) = l, (2) 

g-A(6) = A(6)-g,V6eB, (3) 

hold [L4]. 

Moreover, the action Qx,y : X ®Y — > X ®Y \s given by the formula 

Qx,Y{x®y) = q- {x®y). (4) 

Analogously one can describe quantizations of the forgetful functor $ : B—mod — > 
k — mod. Any such quantization is given by an element q € B ^ B, but with 

conditions (1) and (2) only. 

Definition. An element q € B (S) B is called a quantizer of the bialgebra B if 
conditions (1) and (2) hold. 

Theorem. Any braiding element a £ B<^B of the bialgebra B is a quantizer of the 
bialgebra. Moreover, q = a determines the quantization of the category B — mod. 

Proof. Using conditions 1.3.(1) and (2), we get 

(A (g) id){a) -((7 1) = Cr23(Tl30-12, 
(zdig) A)((t) • (1 (g) cr) = cri2a-l30-23, 

and therefore equation 3.4.(1) is a consequence of the Yang-Baxter equation. □ 

3.5. In this section we write down quantizations of the main structures (see 3.3. 
above) in terms of quantizers. 

1. Braidings. 

Theorem. Let a € B (g) B be a braiding element and let q & B ® B be a quantizer 
of the category B — mod (condition 3.4-(3)) holds). Then 

CTq = - cr •T(gr) 

is a, braiding element, too. 

Corollary. If oi and 02 are braiding elements, then erf ^ • 02 ■ T{a-i) is a braiding 
element, too. 

2. Algebraic structures. 

Let A be an algebra in the category B — mod with multiplication /x : ai (8) 02 1— > 
ai ■ 02- 

The quantization of A is an algebra Aq = A with new multiplication 
ai • 02 = V'g'(ai) • q"{a2), 

q i-^t 

where q = ^q' ®q" ■ 

We should remark that Aq is a -B-algebra if condition 3.4.(3) holds. 
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3. Module structures. 

Let X be a left j4-module in the category B—mod with multiphcation /x' : a®x i— > 
a - X. The quantization is a left Ag-module Xq = X with new multiplication 

a ■ X = ^q'{a)-q"{x). 

In the same way we quantize right A-modules: 

x ■ a = y2q'{x) ■ q"{a). 

3.6. Denote by Q(B) the set of all quantizers in bialgebra B. 

Lemma. Let U (B) C B be the group of units of the algebra B, such that 
e{b) = 1, V6 e U{B). Then the formula 

b e UiB), q e QiB) ^ biq) = A{b) ■ q ■ b'®^ , 

where = b~^ ® b~^, determines U{B)-action on Q{B). 
Proof. We have 

(A®irf)(6((7))-(6((Z)®1) = 

(A O id)A(6)(A id){q){Ab-^ (8> l){q O l){b-®'^ O 1) 

= (A O id)A{b) (A O id){q) • (9 <8) 1) 

and 

(id(^A)(6(g)) • {l®b{q)) = 

{id A)A{b){id ® A){q){b-^ ® A6-i)(l (g) A(6))(l O (g) b''^^) 
= {id (g) A)A(6)(id (g) A)(g) (1 (g g) b''^^. 

For conditions (2) we have 

{s (g) = 6 (e O e{b) b'^ = £{b) = 1. 

□ 

Remark that in the case of forgetful functor $ any unit preserving natural trans- 
formation A from 3.2. has the form: Xx{x) = b ■ x,Vx G X, and for some invertible 
element b E B, such that s{b) = 1. 

Denote by 

QH\B) = Q{B)/U{B) 

the space of U (B)-orbits. 

This space will be called the non -linear cohom,ology of the bialgebra B. 

To explain this definition let us consider a "linearization" of QH^{B). 

To do this, we fix a quantizer q and describe the "tangent plane" TqQ{B) at the 
point. 
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Let 

i>l 

be a formal curve on Q{B), ai € B <S: B, (e (g) id){a) = {id (g) e)(a) = 0. 
Substitute this expression in 3.4.(1) and look at coefficients of t'^, k > 0. 
We get the equations on aj : 

9q{ak)= Yl [o^i^oij], (1) 

i+j=k,i>j,j>0 

where 

[ui, aj] = (A (g) id){ai){aj 1) - {id (g) A){ai){aj (8> 1) 

+ (A (g) id){aj){ai 1) - {id (g) A)(aj)(l O a,), (2) 

and the operator dq : B®"^ — > B®^ acts as follows 

a,(a) = (A <g) id){q){a (g 1) + (A ® id){a){q (g 1) 

- (id (g A)(g)(l (g a) - (id (g A)(a)(l (g q). (3) 

Therefore, we have 

TgQ{B) = kerdq ker{id (g e) ker{e (g id). 

Any curve b{t) = l + bt+ .... on the group U{B) determines a curve 

q{t) = A{b{t)) q b{t)-®^ =q + t{A{b)q - <?(& (g 1 + 1 (g 6)) + ... 

on the space Q{B). 
Note that £(6) = 0. 

Therefore, tangent vectors to the orbit U{B)q are elements of Imdqf]kers, 
where dq : B — > B®^ is the following operator 

dq{b) = A{b)q-q{b^l + l^b). 

It follows from the above constructions that the sequence 

B 1 B®^ 1 B®^ 

is a complex, and linearization of non-linear cohomology space may be identified 
with the second cohomology group H^{B, q) of the normalized complex. 

We should note also that the complex above coincides with the standard complex 
for Hochschild cohomology of the coalgebra at the point q = l. 

Let a e B (g> -B be a tangent vector to Q{B), i.e. 

dq{a) = 0, and (e (g) id){a) = {id (g e){a) = 0. 

To build up a curve 3.5. q{t), such that ai = a we need some additional conditions 
on a. 
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Namely, take fc = 2 in formula 3.5.(1). 

We get 

dq{a2) = [a,a]. (1) 
It is easy to check that the condition 

[a, a] =0 mod Im dg 

depends on the cohomology class of a only, and [a, a] G Kerdq, for all a S kerdg. 
Therefore, we obtain a bracket 

[,]g:H\B,q)^H\B,q)^B^yimdg. 

This bracket will be called a q-bracket. 

Hence, a vector a G TqQH'^{B) is a tangent vector to some curve on QH'^{B) if 
[a,a]g = 0. 

Definition. A q-Poisson structure on the bialgebra B is a second cohomology 

class a e H^{B,q), such that 

[a,a]g = 0. 

Examples. 

(1) Let us consider the category of G-graded modules over an Abelian finite 
group G. Then conditions 3.4. mean that any quantizer q is a 2-cocycle on the 
group with values in the unit group U{k) : q G Z^{G; U{k)). 

Therefore, in the given case : QH'^{k{G)) = H'^{G, U{k)). 

(2) Let i? be a commutative and co-commutative bialgebra over k = C. We 
consider quantizers of the Moyal type: 

q = exp{a), 

for some element a € B ^ B. 

For this case the main equation 3.4.(1) takes the form: 

a (g) 1 - (zrf A)(a) + (A (g) id)(a) - 1 a = 0. 

The last equation means that a isa 2-cocycle on the coalgebra B with values in C. 

For instance, if B = !D(T") is the Hopf algebra of distributions on n-dimentional 
torus T", and a is an invariant Poisson structure on T", then the above formula 
gives the Moyal quantization [BFFLS,V]. 

(3) Let t : G\ — > G be a subgroup of group G. Then i determines a Hopf algebra 
homomorphism : k[Gi\ — > k\G] (or : T>{Gi) — > T^{G) for the case of compact 
Lie groups), and ^*(g) is a quantizer on G, if g is a quantizer on Gi. 

Applying the remark to a maximal torus of a Lie group G, we obtain a class of 
Moyal type quantizations [cf.R]. 

3.7. Let G be a semi simple Lie group. A; = C, and C a monoidal category of 
finite dimensional G-modules over C. 

Denote by K{G) the representation algebra of finite dimensional G-modules over 

C. 
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In this section we show that quantizations of C may be described in terms of 
multiplicative 2-cohomologies of K{G). 

To do this, we introduce a new algebra E{G) generated by all formal finite 
sums / = X^^gG /(t) 7, where G is the set of all the finite dimensional irreducible 
representations of G, and 7(7) G HomG{nX.y,nX^) ~ Mat„(C), for some natural 
n G N. 

Here we denote by a representative module of 7. 

We convert E{G) into an algebra over K{G) by introducing the following oper- 
ations: 

def 



f + 9=Y.^f{l)®9{l))l, 



and 



with /r(G)-action: 



f-9= l](/(7)®5(7))7, 
■yeG 



a • / = E /(7) ^7 = E (^'^ ® /(t)) 1^ '5, 

where aj = a (8) 7 = X^^gc '^a7'^i ^'^d \s is the restriction on the i5-component, 
^ e N are the multiplicities of 6 in the tensor product a (8) 7. 
Any quantization Q of the monoidal category determines morphisms 

Wa,/3 = QXcXf, ■.Xa<S>Xi3 > X^ ^ Xp 

iov al\a,l3 &K{G). 

We write down the morphisms in the form 

-yeG 

where LUa.fji"/) is the restriction of LUa.fj on the 7 component. 
Therefore, any quantization Q determines 2 cochain 

CO : K{G) X i^(G) — ^ £;(G), 

with the additional condition 

Wa,/3(7) G Homcinl^p X^, nl^^ X^) ~ Mai„7_^(C), (1) 

if a/3 = E-,6G «I/3 7- 

Moreover, w is a normalized 2-cochain : uJa^i = = 1, and commutativity of 
diagram 3.2. yields the following multiplicative 2-cocycle property 

i^a,l3j ■ a{u;/3^^) = i^ctlSa ■ l{l^a,l3)- (2) 

We say that cj is a multiplicative 2-cocycle if (2) holds for all q,/3, 7 G K{G). 

We say that w is a restricted 2-cocycle if w is a multiplicative 2-cocycle satisfying 
the additional condition (1). 

Summarizing, we obtain the following 



40 



V.LYCHAGIN 



Theorem. Any quantization of the monoidal category of finite dimensional G- 
modules is given by a multiplicative normalized and restricted 2-cocycle on the rep- 
resentation algebra with values in E{G). 

Remark. Let G be a compact Lie group. Then in the same way one can describe 
quantizations of the monoidal category of unitary modules. 

3.8. In this section we consider quantizations of the category such that u)a,0{'y) € 
C*, for all a,/3,7 e G, and 

io{a,l3)=exp{2m0{a,l3)), (1) 

for some 2-cochain 9 : K{G) x K{G) — > E{G), where e^Al) ^ C. 
Let 

d : C'''{K{G),E{G)) — > C''+^{K{G),E{G)) 

be the Hochschild differential . 

Then uja^f) commute and therefore conditions 3.7.(2) take the form 

d(0)(a,/3,7) =a(^(/3,7))-^(a/3,7)+^(a,/?7)-7(^(a,/3)) gZ. (2) 

Denote by C^(X(G), S(G)) C C'^{K{G),E{G)) the integer subcomplex and let 
C^^^{K{G),E{G)) be the quotient complex. 

Then condition (2) means that is a 2-cocycle in the quotient complex. 

Therefore, we may reformulate theorem 3.7. in the following way: 

Theorem. Quantizations of type (1) are determined by Hochschild 2-cocycles of 
the quotient complex C^^^{K{G), E{G)). 

Examples. 

(1) Let us consider the category of G-modules over an Abelian finite group G, 
k = C. ^ 

Let G bo the dual group. Then wc have Xa i8> = Xaj3, fot all a,P € G. 
Therefore, uJa,/3 = oja,/3 • {c(P), where 

w : G X G ^ C* 

is a 2-cocycle. 

(2) Applying the same construction to the category of finite dimentional T"- 
modules, we get the Hochschild 2-cocycle: 

d}:Z" xZ" — >C*. 

(3) The same construction may be applyed for the case of arbitrary compact Lie 
group G, if wc consider the "1-particlc" interaction: u)a,i3 = '^a»i3{<^ * P)y where 
a • /3 is the highest part of the representation a/3. 

(4) Let k = C and G = Szhe the permutation group on three elements. The rep- 
resentation algebra k{S3) is generated by xi non-trivial 1-dimcntional irreducible 
represantation, and a;2-2-dimentional irreducible representation with the following 
relations: 

x\ = l, XiX2=X2, xl=X2+Xi + l- 
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Set tOij — LVxiXj ■ 
It easy to find that 

wii = • 1, u\2 = LO21 = a-X2, W22 = ab ■ 1 + b- xi + c - X2, 

for some a, 6, c G C*. 

We have the foUowing action of element h = hi ■ xi + h2 ■ X2 on ui: 

h{ujii) = h^^uii, h{uji2) = K^uji2, 

and 

h{uj22) — ^2 c ■ X2 + hih2 b ■ xi + ab ■ 1. 
Therefore, we have 1-paramctcr family of quantizations, considered up to trivial. 

3.9. Let C be a monoidal category B — mod for some A;-bialgebra B and let Co 
be a monoidal category of fc — mod. 

In this section we describe quantizations of the category Gr{C) of N- graded 
objects over C and quantizations of the forgetful functor $ : Gr{C) — > Qr{Co). 

Let Q be a quantization of the forgetful functor. The quantization is given by 
the quantizer {qn,m}, where 

n '<$ ym) — Qn,m ■{Xn^Vm), (0) 

and qn^m € B ® B, n, to S N. 

Suppose that go,o = g is a quantizer of the bialgebra. 
Now equations 3.4.(1) and 3.4.(2) take the form: 

{id(Si A){qn,m+k) ■ (1 «) qm,k) = {A(S:id){qn+,n,k) ■ {qn,m 1), (1) 

(e (g) id){qn,n) = {id e)(g„,o) = 1- (2) 

Apply the morphism id® e ^ id to both sides of (1). 
We get 

qn,m+k ■ (1 <8>Pm,/s) = qn+m,k ' {Pn,m <8) 1), (3) 

where Pm,k = (e <S> id)qm,k, Pm,n = (id O £)qn,Tn- 
It follows from (2) that po.fe = Pn,Q = 1- 
Apply e (Slid and id (g) £ to equation (3). 
We get 

■ e(Pn,m), (4) 
Pn+m,k ' Pn,m' (5) 

Let 

By applying counit e to equations (4) or (5), we get 

fn^m-\-k ' fm,k ~ fm-\-n,k ' fn,m' 
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It follows that fn,m determines a 2-cocycle on the group Z and therefore 

f{n)f{m) 



fn,m — 



/(n + m) 



for some function / : Z — > U{k). 

This means that up to equivalence we may suppose that fn^m = I* 
In the last case equations (4) and (5) take the form 

Pn.m+k ' Pm.k Vn+m.k^ PO,k — 
Pn+m,k ' Pn^m — Pn,7n+k^ Pn,0 — I5 

It follows from the system that 

Pn,m = g{n + m- l)g{m - 
for some function g : Z — > A, and analogously 

hn.m = h{n + m — l)h{n — 

for some function h : Z — > A. 

Substitute this expressions in equation (3). 

Wc get h = 1, 5 = 1 and g„.m = Q{n + m — 1), for some function Q : Z — > 

A(^A. 

Now it follows from equation (1) that Q is a constant function. 
Summarizing, we obtain the following 

Theorem. Any quantization Q of the forgetful functor $ : Qr{B — mod) — > 
Qr{k — mod) is given by formula ( 0), where 

_ f{n)f{m) 

'ln,m — J., , \ ' " 
J (n + TO j 

for some function f : Z — > U {k) and quantizer q. 

Any two quantizations with given quantizer q are equivalent. 

The proof of the theorem shows that the same result also holds for quantizations 

of the category. 

3.10. In this section we apply the above quantization procedure to the modules 
of internal homomorphisms in the monoidal category H — mod, where if is a Hopf 
algebra. 

To do this, we remark that the composition 

/ e Hom{Y, Z), g e Hom{X, Y) ^ f o g € Hom{X, Z) 

defines an associative partially determined product in the totality of all internal 
homomorphisms . 

Moreover, we shall identify elements of modules x € X with internal homomor- 
phisms X : k — > X, where x : 1 t-^ x. 

In terms of this identification, the evaluation map 

xgX, fG Hom{X, Y)^y = f{x) e Y 
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is the product fox. 

Let Q be a quantization of the category, given by the quantizer q & H ® H. 
We define a new composition law f o g as above 

9 

fog = J2l'{f)°<l"{9)- 

9 '-^ 

For evaluation morphism we have 

Note that f o g = f o g \i f ov g is a. morphism of the category. 

9 

As above new composition defines an associative partially determined product 
on the totality of all the internal homomorphisms. 

3.11. Here we apply the above procedure of quantizations of internal homomor- 
phisms to modules of braided differential operators. 

We start with the bimodule case. Let cr be a braiding and A & a- commutative 
algebra in the category. Let X be an A — A bimodule. 

Let 5^ and (5^ be the (5-operations in the bimodule X, and 

^[,a{^) = a -^x - ^a'^{x) ■^a';^{a), 
5l,{x)=x.^a-Y,'y',{a)-^<j'^{x), 

^-operations in the Aq — A^-bimodule Xq. 
Lemma. One has 

and 

Proof. We prove, for example, the first equality. One has 

q ^ — ^ ^ Q 

^<z'(a).q"(x)-^<z'<(x)-g"<(a) = 

E<'(a)(«"(^))- 

□ 

Corollary. There exist emheddings X„ c {Xq)„^. 

Applying the result to modules of braided differential operators, we obtain the 
following 
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Theorem. For any braided a -differential operator V € Diff^{X,Y) internal ho- 
momorphism Vg, where Vqix) =^ V o x, is a braided a g -differential operator. 
The correspondence V Vg determines morphisms 

q : Diff:{X,Y) Diff:^{Xg,Yg) 

of modules of braided differential operators. 

The morphism preserves the composition Vi o V2 (Vi)g o (V2)q and the order 

g 

of braided differential operators. 

Definition. The operator Vg G Dif f^" {Xq,Yq) will be called a quantization of 
the operator V G Difff{X,Y). 

3.12. Let V e Der{A,X) be a tr-derivation of algebra A with values in a left 
A-module X. 

Then Vq{l) = V(l) = 0, and therefore Vg is a derivation: Vg G Der{Aq,Xq). 
Applying the quantization to the representative objects, we obtain a morphism 
of braided differential forms 

q:Q}{A) ^Q}{Aq). 

Note that il-invariance of the differential d gives us dq = d, and therefore morphism 
q has the form: 

q : adb & n^(A) a ■ db e ^^(Ag). 

Q 

Moreover,we can define in the same way morphisms 

q^:n^{A,<P)^n\Ag,<j>), 

where 

q,p : a dtf,b 1— »• a ■ d^b, 

for any differential prolongation of a is given by the clement (j). 

In an obvious way the morphism may be extended to a homomorphism of a— 
commutative algebra Q*{A, (j)) into the o-g-commutative algebra Q,*{Ag, (j)). 

Theorem. A quantization generates morphism of braided differential forms 

q^ : n*{A,cl)) -^n*{Ag,ct>) 

such that 

(1) q^ is a morphism of a a-commutative algebra into a aq-commutative alge- 
bra, considered with respect to A multiplication, 

q 

(2) q^od^ = d^o q^. 

Denote by Q*{A,(j))q ~ X]i>o ^*(^; the kernel of q^. It is an ideal of a- 
commutative algebra closed with respect to d^. 

A Quantum cohomology kernel Hq {A, (j)) of the cr-commutative algebra A and a 
quantization q is the cohomology of the complex 

n\A,<t>)q ^ n\A,(l>)q ^ . n\A,cl>)q ^ ^'+\A,(l>)q ^ •• • . 
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